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XV. Anew 'Theory of the Rotatory Motion of Bodies ajfeSted' 
by Forces diftmbing fuch Motion. By Mr. Jphn Lan— 
den, F. R.S., 


Read Feb. 20, T _a_M induced to confider this paper as 

1777 , I 

not unworthy the notice of this Society, 
through a perfuafion that the theory herein contained 
will conduce to the improvement of fcience,.by enabling 
the reader to form a true idea, and accordingly to make 
a computation of the motion (or change) of the axis about 
which a body having a rotatory morion a® turn, or have 
a tendency to turn, upon being affedted by a force dis¬ 
turbing its rotation ; particularly of tbp motion of the 
earth’s axis arifing' from the attra^ion of the Sun and 
Moon on the protuberant matt®: of the earth above its 
greateft infcribed fphere: >which compound motion, I 
conceive, has not been rightly explained by any one of 
the eminent mathematicians whofe writings on the fame 
fubje£t have come to my hands. Whether in this effay 
I have really fucceeded better than other writers who- 
have attempted an explanation of fuch motion, I fubmit 
to gentlemen well verled in mechanics to determine. 

I* Fig. 
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Mr. can den’s new theory ^ &c. 267 

1. Fig. j. Let the fphere ad be, whofe radius is r } re¬ 
volve uniformly about the diameter acb as an axis, with 
the angular velocity e, meafured at d or , e, the motion 
being according to the order of the letters D&min the 
fedtion at right angles to acb, fig. a.; and, whilft it is fo 
revolving, let the pole a be impelled by fome inftan- 
taneous percufiive force to turn about the diameter dce, 
from a towards h, with the velocity w. It is propofed to 
find the new axis about which the fphere will revolve 
after receiving fuch impulfe. 

Calling al, parallel to .DC, x; cl will be —vV 1 *-**: the 
velocity of the point » (about acb) before the impulfe 

on A will be yi and the velocity (about dce) given 
to the fame point (a) by the faid impulfe mil be = 
. Which velocities of the point a being in con¬ 
trary dire&ions, if It be fo fituated that they be equal, 
then, one deftroying the other, that point will flop and 
become one of the new poles fought, about which the for¬ 
mer poles a and b will revolve with the velocity and the 

points d and e will revolve with the fame velocity (c) as 
before the perturbating impulfe on the point a; but in- 
ftead of defcribing the great circle dgeh, their motion 
will be about the new axis ab ; about which they (as well 
as the points a and b) will defcribe lefler circles parallel 

M m a to 
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to the great circle de t in which the points d and e (de 
being at right angles to ab) will revolve about die lame 
axis (a b) with the velocity Vr l + W*. Which being de* 
noted by e, and m and n being put for the fine and cofine 
of the angle ac a to the radius i, m tfwill be = w, n e= e, 
and confequendy mne x -=z cw.. 

Now taking ^ t i n order to find that new 

axis a by we have from thatequation x -~Q?^ — r ™=:ar. 

Moreover it is obvious, that if a ipfiereid, a cylinder, 
or any other body, whofe center of gravity is c and pro¬ 
per axis acb, were, whilft revolving about that axis with 
the fame angular, velocity (c), to receive fuch animpulfe 
as inftantly to give the point a the angular velocity 40 
about dce ; .the axis about which that fpheroid, cylinder, 
or other body, immediately after the impulfe, would re¬ 
volve, or would have a tendency to revolve, would b'e 
the fame, lihe ab. 

The great circle db (fig. 1.) and any othbr great circlte 
fo fituated with reipedfc to the • axis of any revolving 
lphere, I ihall'denominate the mid-tircle. 

1. In the manner abb ve de&ribed the polels of the lphere 
are by the inftintaneous impulfe on the point a inftantly 
changed from a and 3 to a and b. But if," inftead of fuch 
impulfe, a< continued attractive force f (like that of gra¬ 
vity) 
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f ft 

vity) adted at a fig. 3 . and at the new poles a , a , 8tc. as 
they become fuch by a fuccefiive change caufed by fuch 
continued adtion of the force f urging the fphere at 

t i ft /t 

every inftant to revolve about the diameter de, or de y 

i if 

See. of the contemporary mid-circle, the new pole (a, a , 
8tc.) would not inftantly be at a finite diftance from the 
primitive pole a, but lome finite time would be requifite, 
that by fuch fuccefiive change, the pole might be varied 
to a finite diftance from a: and the force F continuing 
invariable, the velocity (v) wherewith the pole changed 

its place would be exprefied by t being the time elap- 
fed whilft the pole. is varying from a to a, and z the 
length of the arc a a. Therefore the velocity wherewith 
the pole will change its place during fuch adtion of the 
force F will be exprefied in the fame manner as the ve¬ 
locity (<i>) of a body moving uniformly from a to a in 
the time i may be exprefied; that is, in both cafes v will 

be = j .. But there is a material difference between the 
motion of a body fo moving from a to a and the change 

* V 

of place of the pole a r a. Be c. the former is permanent, 
and will continue to carry the body forward without the 
adtion of any force whatever; whereas the latter will 
inftantly ceafe, and the axis will keep its pofition, if the 

force 
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force f ceafes to ait thereon; like as the varying direc¬ 
tion of a proje&ile near the earth’s furface would imme¬ 
diately ceafe to change, if the force of gravity ceafed to 
aCt. 

It is obfervahle, that Whiift the force f aCts, and the 
revolving fphere, an confequence of fuch action, every 
moment takes a new axis, the angular motion about the 
axis will continue invariable; the aCtion of fuch force 
only altering the axis without altering the angular velo¬ 
city of the fphere about it: like as the direction of a 
moving body is altered, without altering the velocity 
thereof, by an attractive force continually aCHng on it in 
a direction at right angles to that in which the body is 
moving. And if ever the force f (hall ceafe to aCt, the 
fphere will inftantly revolve with its primitive velocity 
(c) about the axis it then may have been brought to take 
by the preaCtion of that force. 

The new axis, about which the fphere has fuch ten¬ 
dency to revolve at any inftant during the aClion of the 
force f, I fhall call the momentary axis; and the poles 
thereof the momentary poles. 

3. From the equation (art. 1.) we have 

—f = =. . Now if a continued attractive force (f) aCt 

during the time t as above-mentioned, inftead of the 
4 inftan- 
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inftantaneous percuffive force at a, we, according to the 
do&line of fluxions, mull, inftead of w, take w, or its 

equal F i, and x inftead of x, in the expreflion ~ ; there* 
fore, in this cafe, we have j = j . Whence, put- 

t tt 

ting z for the arc (a a, or a a, &c.) whofe fine is and 
writing z for its equal — 11^ , we get c,ox z = ~, 

Hence v denoting the velocity wherewith the mo- 

tii 

mentary pole (a, a, 8cc.) changes its place during the 
action of the accelerative force f, we have z = vi - —? 
and cpnfequently v = — 

4, The value of v may alfo be determined in the fol¬ 
lowing manner (fig. 4.),. Conceive a very thin firing 
(without weight) to have one of its ends fattened to a 
fixed point / and the other to a heavy particle of matter 
m; alfo cpnceive fuch particle fo to revolve with the ve¬ 
locity e, about the line /«, that a certain accelerative 
force f (like that of gravity referred to a certain direc¬ 
tion) continually acting on the faid particle m, in a di¬ 
rection at right angles both to the firing ltn and to the 
tangent to the curve in which m is moving, the firing 
fhall defcribe a conical furfaee. Then. Im being denoted 

by 
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by r, and mo, perpendicular to In, by q; - $ the ceiitrL 
fugal force urging m in the direftiori <ym, will bfe to F as 
jrto Vr^-if = lo. Therefore t rhuft be = ■■■ — r ' ~^ . Now 
if, whilft w is fo revolving, the force f ceafes ailing, the 
faid particle (ni) will, 'it is obvious, immediately proceed 
to defcribe a 'great circle of the fphere whofe radius is r 
and center /, of which great circle one of the poles will 
be fituated in alelfer circle parallel to, and 90° diftant 
from, that defcribed by m during fuch action of the faid 
force.; which pole, during fuch aftion, will change its 
place in the faid lefler circle in which it will at any time 
be found with a velocity (v) which will be to e as (s) the 
radius of the laft mentioned circle to q. But s will be •— 

therefore we have <u : e :: Vr*-q *: q, and ~ ~ q - 
. Confequently F = will be=- x—=—, and 

e x r V r c r 1 

r F 

-*>= T- 

Let now m be a point on the furface of a fphere whole 
center is /, and radius lm~r\ and let the Iphere revolve 
about an axis lo that M lhall delcribe a great circle with 
the velocity e. If then fuch a motive force begins to aft 
on the fphere, that, continuing its aftion, the point tn 
lhall always be urged by the invariable accelerative force 
F to move in a direction at right angles to the ray Im and 
7 to 
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to the tangent to the curve which m will defcribe; that 
point it is obvious will, in cortfequenee of the adHon of 
that force, defcribe a leifer circle of the lame radius (y) 
as that defcribed by the particle m when fattened to a 
ftring and a&ed on by the force f as above-mentioned; 
and the center of the fphere being always confidered as 
at reft, one of the momentary poles of the fphere will 
defcribe a circle whole radius will bets Vf**- if parallel 
to, and 90° diftant from, that defcribed by the point m. 
For if the faid force were to ceafe acting, that point of 
the fphere would defcribe a great circle, as would the 
particle m at the ftring in the like cafe; and therefore 
both the faid particle and the point nt of the fphere at 
every inftant having the fame tendency, and being adted 
on by equal accelerative forces, the effedt will be the fame 
withrefpedl tothemotionof each. Confequently, being 
put to denote the velocity wherewith the momentary 
pole changes its place in the circle which it will defcribe 
whilft the motive force producing the accelerative force 

F adls on m as juft now mentioned, v will he = ~- t the 
fame as in the preceding article, e here denoting that 
velocity which we there denoted by c. 

5. Referring the point of adtion of the perturbating 
force to the mid-cirde we have not hitherto confidered 

Vol. LXVII. N n that 
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that point as varied with a greater or lefs velocity than 
(e) that of the point m\ that is, with reference to fuch 
circle we have always confidered the point m as the point 
of action. But it is obvious, that, cateris paribus, the 
point of action with refpett to the mid-circle (which 
point we will now denote by q) may be varied with a 
velocity greater or lefs than e\ and that, cateris paribus , 
the velocity (v) of the momentary pole will be the fame 
with -what velocity foever (q) the point of action of the 
force F be varied; the direction in which that force ails 
being always at right angles to the ray (lq) from the 
center of the fphere, and to the tangent to the curve de- 
fcribed by (q) fuch point of adtion. 

Yet, although v continues the fame whether, cateris 
paribus , (u) the velocity of the point q be greater, equal 
to, or lefs than e, the immoveable circle in which the 
momentary pole will be found will not continue the 
fame; that circle being greater, equal to, or lefs than the 
circle whofe radius is ^Jr z -q z according as u is lefs, equal 
to, or greater than e, as will be made more evident by 
what follows. 

A * * 

6. Fig. 5. Let p (in the great circle RpQjqr) be one 

of the poles of the axis about which the Iphere rstv, 

whofe radius is r, is revolving (according to the order of 

J 

the letters vqs) with the angular velocity e, meafured at 
4 the 
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the diftance r from the axis; and whilft it is fo revolving 
let the faid pole be urged to turn about a diameter of the 

mid-circle vqs towards q , by an accelerative force f, and 
let fuch force continue to a£l on the fuccefiive new poles 

.it Hi 

p, p, 8cc. as they become fuch, always urging the fphere 
to turn about a diameter of the contemporary mid-circle, 
whilft the direction in which fuch perturbating force 
a£ts is regulated in the following manner. 

Conceive the faid revolving fphere to be furrounded 
by an immoveable concave Iphere of the fame ra- 

i it tit 

dius r. Then the momentary pole (p, p, p, &C.) will 

t it t,i 

always be found in fome curve ppp See. in the faid 

t tt m 

concave fphere, and in fome curve ppp Sec. on the 
revolving fphere; which laft mentioned curve will conti- 

t a lit 

nually touch and roll along the other curve ppp 8cc. on 
the immoveable fphere, the force f and the direction in 
which it a6ts varying in any manner whatever. Let f 
be invariable; then, it is obvious, the two curves fo 
touching each other will be circles; and if great circles 

Jt 4 it ft Hi its 

vq, vq, p q 9 fee. be deferibed on the furface of the im¬ 
moveable Iphere whole planes lhali be at right angles to 

i tt tit 4 44 Hi 

the plane of the circle ppp Sec. the points <7, q , <7, &c. 

N n 2 therein, 
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t it at 

therein) each 9© 0 diftant from p, p, p, &c. refpe&ively, 

will be in a circle {qqq fee.) parallel to the faid circle 

jap p &c. Now as a regulation , to the direction in 
which the force f lhall urge the momentary pole, let 
that direction be always* a-' tangent to the great; circle lb 
paffing, through that pole and the correfpondent point 

H' it* t it - / tit 

ft faov q, &c. whiht the arcs qqj qq^Sici are to the arcs 

> to t *itt 

% 9 i p p, -fee. re^iedhvely in the conflant ratio o fm to v. 
The dire&ion in which the force? atfts befogrfo regu- 

* it it** 

feted, it is obvious that the radius of the circle ppp 

t a at 

&c. being denoted by h, ifte radius of’ the circle qqq 
Sc c. will be= Vr*—h*f. the diftance of thefe parallel cu> 
eles being 90°. Therefore their perapheries befog as the 
velocities (v and u) with which they are defbribed, their 
radii (&»%odV r z —h*) will be in fhe~ratio of the faid velo¬ 
cities ;-thatis vzun&r*i/r*-*b*\ whence,^ befog 


rv 


£, the radius of the circle prp fee. is found = -?=■==- 

✓* + * 


i a Jt* 


V, + '^ 

1 “ -a-t.' 


i f . ■■■ ■». • •• Iff 

and<V^—A* the radius of the circle qqq 


fee. 


r* 


jv. befog the Velocity Where*- 


h/ «*+w* y/.+Cll. 

f u x 


with 
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with the momentary pole p, p, Zee. changes its place. 

I 

Confequently, if pr be an arc in the faid immoveable 
ooncave fphere whofe fine is — = — L. - , the great 

y'V + W' Y ° 

1 + r*F* 

i t u n nan 

circles ^p, q p, q p, 8 cc. will, interfedt each other at the 
point r. 

7. Moreover,-the force f being invariable and acting 
as expreffed in the preceding article, the primitive pole 

/ it Hr 

p and the momentary poles p, p r See. will all be found 

t n m 

in a circle ppp &c. ddcribed upon the furface of the 
revolving fphere,. as obferved in that article;, which 
circle, during the action of the force of f, will (as is alfo 
obferved-in the faid article) always touch and roll along 

t a tn 

the immoveable circle (ppp 8cc.) whofe radius we 
have j uft now- found = — 4 L == — ; the point of 

J y/u' + v‘ Y «*«* 

Vl+ r~ 

contact being always the momentary pole.. 

i ft- 

Let the fine of the arc PQ_of the great circle KpojjT 
in the revolving fphere be equal to £, the radius of the 

i a it 

faid circle ppp 8 cc. then will the point Q_and its oppo- 
fite point (o) in the furface of the faid fphere, during 
the action of the force f, deferibe circles in the fur- 
3 rounding 
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i a ttt 

rounding immoveable concave fphere parallel to (p i> p 

// m 

See.) the circle defcribed by the momentary pole />, />, 
See. in the fame concave fphere. And fuch point Q_and 
its oppofite point (o) being continually urged by the 
force f in directions at right angles to the tangents to 
the arcs they deferibe, their velocity will continue the 
fame as before the aCtion of the faid force commenced; 

/ it tit 

which velocity, and the radius of the faid circle ppp 
&c. will be determined by the following computation. 

That radius being denoted by £, we have 

the velocity of the point Q.before the action of the force 

F commenced; and b y the velocity of the 

fame point (q_) during the aCtion of that force, k being 
put for the line of the arc qjr. ; therefore the velocity of 
continuing the fame during the adlion of f as before, 

we have 7r--j • But k is the line of the fum of the arcs 

t t 

rp, pq., whofe lines are h and k refpeClively; therefore 
h ——~ + hflfdL w ni be = k ; and by fubftitution we get 

T~ 7 — + -;-= — — + 7 * I bemg = ~ 

by the preceding article. Hence we find k — 



rv 
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y ==—•; and it follows, that -p=== ■ ( = — ) will be 

equal to the velocity of the point q., and likewife of its 
oppofite point (o) in the furface of the fphere. It alfo 
follows, that k, the radius of each of the circles defcribed 
by thofe points, during the action of the force f will be 

equal to -7== —, 

v/ tf+v 1 x s/e- —«l l + w* 

By what is done it appears, that during the adion of 
the force f, the motion of the revolving fphere will be 

/ M /// 

regulated by the circle ppp See. thereon (whole radius is 
✓WT 5 = V. continually touching and rot- 

/ // tit 

ling along the immoveable circle ppp See. (whole ra¬ 


dius is 


rv 


s/i? + v l 


*r*w * 


fo that the velocity of the 


point of contract be = v = Confldering the point Q_as 

/ // W 

always urged from the points p, p, p. See. and confe- 
quently its oppofite point (o) towards thofe points, it is 
necefiary to obferve, that according as u is lefs or greater 

than e y the arc pQ_(whofe fine is will be lefs 

or greater than 9 a 0 ; and the point (o) oppofite to Q, 
on the furface of the fphere will accordingly be at as 

greater or lefs difiance than 90° from p. 


If 
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If u be negative the arc pa whofe line is ^p====? will 
be greater than go 0 . 

8 . The motion of the fphere according to the regula¬ 
tion in the preceding article is one motion compounded 
of the primitive motion of the fphere and the motion 
generated by the adtion of the force r. Butconoeiving 

( — 7 =S?==^ 1 the velocity of the point Q_to arife from an 

\Ve^u\ +vV 

impulfe given to it whilft the fphere revolved about an 
axis of Which Qjfvas an immoveable pole before fuCh im- 
pulfe, and about which the mid-circle carrefponding to 
t hat primitive axis revolved with the angular velocity 

aujj confideritig that the forcer r continually 

%/«■—#f+W* 

acting at right angles to the momentary diredtion of the 
point Q_and to the plane of the faid mid-circle, only ferves 
to alter the pofition of the faid primitive axis; we may, 
by the help of what is done above, explain the motion 
which the fphere will have, during the addon of the 
force f, fo as to retain in our ideas the two primitive mo¬ 
tions (one about the axis op, and the other about a dia¬ 
meter at right angles to that axis) as remaining diflmdt 
and unaltered. 

(a) Denoting this by t and the velocity of <^by d t \/ c l +rf 1 is <> agree- 
able to art* 

Fig- 
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Fig. 6. Let ed be a great circle on the revolving 
fphere, of which <*. is a pole, and let a fmaller circle m, 
parallel to (mqJ that Which we have found will be de¬ 
scribed by the point <£., be drawn on the immoveable 
cdncave fphere fo as to touch that great circle in the. point 


(d) where the great circle Qjp r cuts it ; the radius of 
Which leflercirde will be(—V?' 2 —k. 2 —)- 


rv c/2 ru,e*~**u 


y l/u*+V z 

Then the revolving fphere, during the adrion of the 
force f, will fo move, that the firft mentioned greatcircle 
(ed) Ihall continually touch and roll along the faid lelfet 
circle DL r the velocity Of the point of contad (along that 

circle) being - fi) , and the fphere at the fame 

Ve — +v % 

time turning about the axis of Which Q_is a pole with the 
primitive angular velocity 

Thus the primitive motion about the axis of which 
Q_is a pole is preferved diftind, whilft that pole proceeds 

■deferibing a circle, whofe radius is 

with the velocity 
it. 

(b) This is to the velocity of thb point <^as -k 1 to^k; that is, as the 

radii of the arcs defcribed. 

You LXVII. Oo It 


rev 


ev 


e—w +v 3 


\/ 1i % -I- V % x 1 -f V* 5 

Which we fuppofed given to 
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It is obfervable, that the laft: mentioned velocity will, 
according to this regulation of the motion, be to the 
primitive angular velocity about the axis of which Q_is a 
pole, as vtae-u, or as v to u-e, according as u is lefs or 


greater than e; that is, according as the are pQ_is lefs or 
greater than 90 

9. From vfhat has been faid it follows, that denoting 


the two primitive angular velocities 


e,ecn u 



and 


ev 


\/ e—uf + 


(fpecified in the preceding article) by c and<i 


/ it m 

refpe&ively, the radius (fig. 5.) of the circle ppp Sec. 

* » dr 

(or fine of the arc pq=pq_, See.) will be = —; the radius 


t tt tit * tt 

of the circle ppp 8tc. (or fine of the arc pr=pr, 8cc.) = 

— • * . — ; a great circle palling through the 

primitive poles o and q,, on the revolving Iphere, will 
turn from the polition ORQjwith the velocity ^ meafured, 

dr F- 

at the mid-circle, or with the velocity -—=== , , 1 - 

s/d*7 q= 2 edr F + P f* 

meafured at the fixed point r; whilft thofe poles deferibe* 

/ it m 

with the velocity </, circles parallel to ppp Sec. the 
radius (k) of each of the circles (fig. 6.) fo deferibed 
a being 
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bein S = lhe radius (^- K ’) of ** 

circle dl will be = — — rXcd +S *—_ ; and the velocity 

</d**‘=P2*drr+t*t % J 

'‘r'T *0 a ^ on S t ^ ie circle dl = c % : • the up¬ 

per or lower of the double iigns taking place according 
as # (= £ =f -^7 is lefs or greater than e ; that is, according 

* rf r \ 

as the arc PQ.(whofe line is = —) is lefs or greater than 
90°. 

10. As an inftance of the ufe of the preceding con- 
clulions, I will now apply them in the lolution of a very 
interefting problem, which I have not before leen lolved. 

Suppofe a given fpheroid , whiljl revolving uniformly 
about its proper axis , with a given angular velocity , to be 
fuddenly urged by fome percufjive force to turn , with fome 
given angular velocity , about a diameter of its equator ; it 
is propofed to explain the rotatory motion of the fpheroid 
confequent to the impulfe fo received. 

Fig. 7, 8. Let DOEQ.be the fpheroid, whofe femi-axis 
co= cq. is =b, and equatorial radius cd = ce = r; and 
fuppoling it before the impulfe to revolve about its pro¬ 
per axis oo.with the angular velocity c, meafured at the 
diftance r from the axis, let the poles (o and q.) be fud¬ 
denly urged by fome percuffive force to turn about a 

O o 2 diameter 
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diameter of the equator of the fpheroid, with the angu¬ 
lar velocity d, likewife meafured at the diftance r from 
that diameter. Upon receiving fuch impulfe, the fpheroid 
will take a new axis of motion, which will be a momen¬ 
tary one; fuppofe fuch new axis to be per (c} . Then the 
particles- of the fpheroid being urged (or having a ten¬ 
dency) to turn about that axis with the angular velocity 

y/f+d 2 , (which we will denote by e) their joint centri¬ 
fugal force will fo urge the fpheroid to turn about that 
diameter of the equator which fhall be at right angles to 
the momentary axis per, that the accelerative force of 
the point d of the equator to turn it about the faid dia¬ 
meter according to the order of the letters d q,e will (as 
appears by what is proved in art. i. and in the Appendix 


, , . . cd r 2 — b 2 cd b 2 — r 2 

annexed hereto) be - ~*pqrp- or T'^F+T* aGcor ^ xn S as 

b is lefs or greater than r: and it follows from hence and 
what is proved in art. 3. and 4. that v, the angular velo¬ 
city (at-the diftance r from c) with which the momen¬ 
tary pole /> will change its place, will accordingly be = 


cd r z —b 
— X 
9 


cd P—r 


r' + A 1 ° r <• V+A* 


(c) To find /he pofitioa of this axis fee art. I, by which the fine of the angle 


o vjf> (to the radius r) is found s 


dr 


More- 
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Moreover, referring to our obfervation in art. 8. let 

u~e be to ‘-jxprfjp (the value of v) as c tod, u being 

greater than e; or let e-u be to — xpq^r as c to d y u being 
lefs than e: whence, in both cafes, we lhall have the 
lame expreflionfor«the value of u-e; and 

c * r * _ }f 

confequently u % in both cafes, will be = e + — x -rpp • 

Conceive -now a fpherical furfaee without matter, 
having the fame center and radius as the equator de, to 
be carried about with the revolving fpheroid; andfup- 
pofe a fphere, whofe radius is r, to revolve about an 
axis pen with the angular velocity e, and, whiift it is 
fa revolving, let an accelerative force (f) equal to 

T X PTT or according as b is lefs or greater 

than r, urge the pole p, and the fuecefiive momentary 
poles as they become fuch, to turn about a diameter of 
the contemporary mid-circle in the manner exprelfed irr 

art. 6. u being to 'v as e + — x-p—p to — xp-fp or as e ■¥■ 

—x.rrpp to according as b is lets, or greater 

than r. Then will the motion of the furfaee of this 
fphere be exactly the fame as the motion of the faid 
fpherical furfaee carried about with the revolving 

fpheroid 
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ipheroid after receiving the impulfe of the percuffive 
foi’ce. Therefore, having reference to our condufions in 
the preceding articles, we, by fubftitution, readily obtain 
folution to our problem. 


By fubftituting properly 
find, 


cd r z —b % 
r *r x +b z 


or 


r_d b x — r 1 
r *r 2 + b z 


for f, we 


£r 

y/d 2 ‘e*^%cdrit 


dr + 

— x —p—= y 

c V 4 ^ +7+FT xl 


,c/5 

rxci+rF 


y/d z e z +2.cdrF 4-r l F z 




v; 


4r*+r' r +^ i Xj 


and r 


C/5 r-F 
+ // ~ 


2 r*f 

r z -M a * 


Which equations, refpedt being had to the condufions in 
art. 8. and 9. indicate that, whether b be lefs or greater 
than r, if an immoveable circle dl, whole radius is = 

- jsru -- ■ == , be conceived to be defcribed in a plane 


inclined to the plane of the equator of the fpheroid (be¬ 
fore the impulfe) in an angle whofe fine (to the radius r) 

is = — x — , r = ■ .{ , fo that the faid circle touch 

c \ - d 


the laid equator in the point n in the faction o />d qe; 
the fpheroid after the impulfe will fo revolve, that its 

equator 
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equator will always touch and roll along the faid im¬ 
moveable circle (nL), the. velocity of the point of con- 

2 C' 

fcadt (along that circle) being = whilft the fpheroid 

turns about its proper axis (oq.) with the primitive an¬ 
gular velocity c, and the poles o and q_ (by the. faid 
rolling of the equator) deferibe circles (whofe radii are. 

bd t* '-f- IP 

each = — x —j= .jA parallel to the faid circle. 

dl, with the angular velocity d (or their proper velocity 

—) which we fuppofed given to them by the impulfe w .. 
Thus the motion of the fpheroid confequent to the im- 
pulie appears to be remarkably regular. 

And in the very fame manner may be explained the 
motion of a cylinder, whofe primitive motion, about its 
proper axis may be difturbed by fome percuffive force in 
like manner as we fuppofed the fpheroid difturbed; only 
(inftead of the former, fubftitution for f) fubftituting for. 
the accelerative force ariling from the centrifugal force 
of the particles of the revolving cylinder its proper value 

1 - x 37T44 1 ( com P uted in our Appendix) and afterwards 
proceeding as we have done with regard to the fpheroid, 

(d) Other ways of folving the problem are alfo fuggefted by the preceding 
articles, 

£ de 
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b denoting half the length of the cylinder, attd r the 
radius of any feftion at right angles td its proper axis. 

Seeing that (7 x ) the expreflion for the faid 

accelerative force refpedting the cylinder vanMhes when b 

1 

is = ^-, it is manifeft that the cylinder in that cafe will 

(with refpedt to its own particles) undifturbedly revolve 
about any axis whatever palling through its center of 
gravity, as will a fphere. Which remarkable property of 
that particular cylinder I believe has not before been 
taken notice of. 

There are, I am aware, bodies of other forms having 
the like property. 

The preceding articles lead us to confider the motion 
of the earth’s axis in a light, I prefume, more clear and 
fatisfadtory than any in which it has before been confi- 
dered; but I muft, for want of leifure, defer making the 
application till fome future opportunity ; only obferving 
here, that by what is done above it appears, that from 
the adtion of the Sun and Moon on the earth its axis has 
a diurnal motion, which I have no where feen explained. 
Which motion is not much unlike that of the axis of 
the revolving fpheroid juft now conlidered, when (a£) 
this laft mentioned axis is many times longer than (2 r) 
a the 
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the equatorial diameter of the laid fpheroid, and - ( very 
fmalL 


APPENDIX. 

Shewing how the joint centrifugal force of the particles of 
a fpheroid or cylinder , having a rotatory motion about 
any momentary axis, is computed. 

1. FIG. 9. help be a particleof matter firmly conne< 5 ted 
with the plane DtOEFQG, in which the line ocqJs fituated; 
and pq being a perpendicular from p to the faid plane, 
let the diftance pq be denoted by u; alfo, the line ql 
being at right angles to o/cq., let the diftance pi be de¬ 
noted by h. Then, the faid plane with the particle p 
being made to revolve about o/c<^as an axis, with the 
angular velocity e meafured at the diftance a from the 

faid axis, the velocity of p will be = h f, and its centri¬ 
fugal force from / will (by a well-known theorem) be = 

he z 

-r to make it a 1 the expreflion being x p. Whence, 
by refolving that force into two others, one in the 
direction qp, and the other in a direction parallel to 
Iq, it appears that the force urging p from the plane 

doefqg willbe= x p, let the diftancebe what it will. 

Vol. LXVII. Pp a. The 
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a. The particle p being connected with the plane 
doefqg as mentioned in the preceding article, and the 
diftance e/being denoted by v; if p be urged directly 
from the faid plane by a force fuxp, the efficacy of that 
force to turn the faid plane about the line hci, therein 
drawn at right angles to ocq,, will (by the property of the 

f it *V X 1) 

lever) be equivalent to the force —j-- ailing on the 

faid line oc% at right angles to the faid plane at the dif¬ 
tance g from the point c. 

Moreover it is obvious, that, cater is paribus , the effi¬ 
cacy will be the fame let the diftance of q from / be what 
it will. 

Fig. io. Let q coincide with /; and let ck be a line 
in the plane c/p continued'(which plane will be at right 
angles to the plane doefqg); alfo, pk being at right an¬ 
gles to ck , let thole lines pk and ck be denoted by w and 
x refpedtively. Then the line and cofine of the angle 
Jco to the radius i, being refpedtively denoted by m and 

n, the force^- "--" will be xmnx w L -x l +m/—n x x wx. 

Confequently, if each particle of any folid body, through 
which a line hci and a plain doeifqgh may be conceived 
to pafs, be urged from that plane by a force exprefled by 
fuxp as above; the force which, a&ing on the line 
oco_at the diftance ^ from c, would be equivalent to the 

efficacy 
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efficacy of all the forces acting on the feveral particles of 
that body to turn the fame about the line hci will 
be obtained by computing the fum of all the forces 

■ xmnxw t —x 1 +m l —n z xwx acting on the faid body. 

The computation of fuch equivalent force will in moft 

cafes be abridged by obferving that, if pk be continued to 
// // 

p fo that kp be = kp, the efficacy of the force on the par- 

it 

tide p, to turn the body about the line hci in oppofition 
to the force on the particle p, will be reprefented by 

the equivalent force xmnxx’ i -w L +m 1 ~n 1 x wx adting 

on the line ocq.at the diftance g from c; and that there- 

fore the efficacy of the two forces on p and p, to turn the 
body about hci, will be reprefented by the equivalent 

force xmnx’vf-x 1 adting on the line ocq_, at right 

angles to the plane doeifqgh, at the diftance^ from c. 

3. Fig. 11, 12. If the body be a cylinder, afpheroid, 
or the like, and its proper axis be lituated in the line ck, 

the ordinates correfponding the abfciffie kp , kp, in tne 
circular fedtion hi whofe center is k , will each be paral¬ 
lel to that diameter palling through c, about which the 
body will be urged to turn; and each of thofe ordinates 
will be = Vy l -w% y being the radius of fuch fedtion. 

P p a Therefore, 
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Therefore, writing t Wf-w* inftead of/y it follows that 


the whole fluent of — x 
e 4 . J 1 & 

4 ; .. - n 

mnxxw‘-*-x i x w, generated^ (g=.kp-kp) fromo becomes 

equal to the radius y (both x and y being conlidered as 

invariable) will exprefs the value of the force which, 

acting on the line ocojit the diftance g from c, would be 

equivalent to the force of all the particles in the faid fec- 

tion, whofe thicknefs is denoted by the indefinitely fmall 
/ 

quantity x; the diftance ck being denoted by x, and a 
being put for (.78539) the area of a quadrant of a circle 
whole radius is 1. 

4. Fig. 11. In the cylinder whofe length is a b and dia- 

meter a r ; y being = r,g- ~x t y z will be = r* x — -x 1 : con- 

4 4 

> p 

fequently, the fluent of ——x* xx, generated whilft x 

br % b 3 8 A fr % 

from o becomes = b, being — - we have —— xmnx 

~ x y 1 - Afb % x M for the force which, ailing 

as above at the diftance g from (c) the center of gravity 
of the cylinder, would be equivalentto the efficacy of the 
forces ailing as above on all the particles of the cylinder 
to turn it about a diameter palling through c, m being 
the mafs or content of the cylinder. 

7 


5 - Fig. 
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5. Fig. 12. In the fpheroid whole proper axis is ib 
and equatorial diameter 2 r, being = b% x b’ L —x % f- — 


will be = r* x r -- — + ^-r ! + confequently, the 


r, „ r r*x r z x*x r^x^x 

fluent of -——+ 


X*x 


—x t x+-rr , generated whilft# from 


2t* ' 4 b* " " " ' b 

r'b r'b r l b b 3 P 


o becomes = b> being—~-^ + —x r*b-b\ we 


have —~xmn x fb-b'—t" x r*-b* x s for the force 

which, ailing at the diftance g from c the center of the 
fpheroid, would be equivalent to the efficacy of the 
forces ailing as above on all the particles of the fpheroid 
to turn it about a diameter of its equator, s being the mafs 
or content of the fpheroid. 

Thefe equivalent forces are diftinguilhed by the name 
of motive forces; the correfpondent accelerative forces 
are computed in the following articles. 

6. Fig. 13. The body being a fpheroid whole center 
is c, and whofe proper axis pn is = 2 b and equatorial dia¬ 
meter ab = 2 r; let f be the accelerative force of a par- 
ticle at the diftance^ from the axis about which the body 
is Urged to turn, which axis is fuppofed to be a diameter 
of its equator. Denote ck by x ; ki by y; and let the 
abfciffa ko and its correfpondent ordinate (parallel to the 
laft mentioned axis) in the circle whofe radius is ki be 

denoted 
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denoted by s anil t refpedtively. Then, confidering the 
body as -urged to turn about that diameter of its equator 
which is at right angles to ab, the accelerative force of 

eyery particle in the laid ordinate will be = x f, 

and the motive force of all the particlesin the fame ordinate 

will be = ~ s ~ +x „ x p i s = ■ x f j \jy 1 ~s 1 \ -to which (by 

& M 

P+A* 4 /- 

the property of the lever) a motive force —~p~ xf; yy 1 —s l 

adting at the diftance g from the center at right angles to 
a ray therefrom would be equivalent. Therefore, conli- 
dering x and y as invariable, and s only as variable, 

the whole fluent of iV/-J 1 x s*+x l will denote a 

g 

force which, adtingat the diftance g from c, would be 
equivalent to the motive force of all the particles in the 

fedtion hi whole radius is ki and thicknefs x. Which 

• ...—..a*.....- 

fluent is = Af x x z +j=^£ x x V-x\ Con- 

fequentlyx the whole fluent of x x h 1 - x* x 

* v + 4; x h*-x* will denote a motive force which, adting 

at the diftance g from c at right angles to a ray therefrom, 
would be equivalent to the whole motive force urging 
;the fpheroid to turn as above mentioned. Such equivalent 

force 
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^ ^ p 1 p 1 1 1 

force will therefore be = , x r^b +r^ 3 =—?x r ! +i*xs: 
and this being put xr 2 —^ x s (the value of the 

fd", - - 

fame force found in art. 5.) we find f = fgmn x 
which will be = ZO!gL x if y be = *-i , its value 

computed in art. 1. 

Or f will be denoted by — x if 1 be to e as nu 

to d, and as n to c ; and a and g be each = r. 

7. Fig. 14. The body being a cylinder whofe center 
of gravity is in c, and whofe proper axis pn is a b and 
diameter ar; the accelerative force (f) at the diftance 

g from c, witl in like manner be found 

the cylinder being confidfcfed as urged to turn about a 
diameter pafling through c. 

If. 1 : e :: tn : d :: n : c, and a and g be each = r, t will 




